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Abstract 

Given a positive function F on S" which satisfies a convexity condition, we 
introduce the r-th anisotropic mean curvature M r for hypersurfaces in ]R™ +1 which 
is a generalization of the usual r-th mean curvature H r . We get integral formulas 
of Minkowski type for compact hypersurfaces in R n+ . We give some new charac- 
terizations of the Wulff shape by use of our integral formulas of Minkowski type, 
in case F = 1 which reduces to some well-known results. 
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§1 Introduction 

Let F: S n — > R + be a smooth function which satisfies the following convexity 
condition: 

(D 2 F + Fl) x > 0, Vx£S n , (1) 

where D 2 F denotes the intrinsic Hessian of F on S n and 1 denotes the identity on 
T x S n , > means that the matrix is positive definite. We consider the map 

0: S n -^R n+ \ 

x -> F(x)x + (grad S n F) x , 
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its image Wp = </>(S n ) is a smooth, convex hypersurface in R n+1 called the Wulff shape 
of F (see [3], [6], [10], [13], [14]). 

Now let X : M ->• R n+1 ba a smooth immersion of a compact, orientable hyper- 
surface without boundary. Let v: M — > 5 n denotes its Gauss map, that is, f is an unit 
inner normal vector of M. 

Let Ap = D 2 F + Fl, Sf = -Ap o dv. Sf is called the F-Weingarten operator, 
and the eigenvalues of Sf are called anisotropic principal curvatures. Let o r be the 
elementary symmetric functions of the anisotropic principal curvatures Ai, A2, • • • , A n : 

a r = ^ Kj-'-K (l<r<n). 
h<---<i r 

We set <7o = 1. The r-anisotropic mean curvature M r is defined by M r = a T jC r n . 

In this paper we first give the following integral formulas of Minkowski type for 
compact hypersurfaces in R n+1 . 

Theorem 1.1. Let X: M — > R n+1 be an n-dimensional compact hypersurface, F: S n — 
R + be a smooth function which satisfies (1), then we have the following integral for- 
mulas of Minkowski type hold: 

f {FM r + M r+1 {X,u))dA x =0, r = 0,l,--- ,n-l. (2) 

JM 

By use of above integral formulas of Minkowski type, we prove the following new 
characterizations of the Wulff shape: 

Theorem 1.2. Let X : M — ► M n+1 be an n-dimensional compact hypersurface, F : S n —■ 
R + be a smooth function which satisfies (1), and M\ = const and (X, v) has fixed sign, 
then up to translations and homotheties, X(M) is the Wulff shape. 

Theorem 1.3. Let X : M — > ]R n+1 be an n-dimensional compact hypersurface, F: S n —■ 
IR + be a smooth function which satisfies (1). If M\ = const and M r = const for some 
r, 2 < r < n, then up to translations and homotheties, X(M) is the Wulff shape. 

Theorem 1.4. Let X : M — > R n+1 be an n-dimensional compact convex hypersurface, 
F : S n — > IR + be a smooth function which satisfies (1). If ^ = const for some k and r, 
with < k < r < n, then then up to translations and homotheties, X(M) is the Wulff 
shape. 

Theorem 1.5. Let X : M —> R n+1 be an n-dimensional compact hypersurface, F: S n —■ 
R + be a smooth function which satisfies (1). If jj^ = const for some k, with < k < 
n — 1, then then up to translations and homotheties, X(M) is the Wulff shape. 
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Choosing k = in Theorem 1.4, we get 

Corollary 1.1 Let X: M -> IET+ 1 6e an n- dimensional compact convex hypersurface, 
F : S n — > R + 6e a smooth function which satisfies (1), and for a fixed r with 1 < r < n, 
M r = const, then up to translations and homotheties, X(M) is the Wulff shape. 

Remark 1.1 When F = 1, Wulff shape is just the round sphere and M r = H r , formula 
(2) reduces to the classical Minkowski integral formula (see [5] or [11]), Theorem 1.2 
reduces to the classical Theorem given by Suss [12], Corollary 1.1 reduces to Theorem 
of Yano [15], Theorem 1.3 reduces to Theorem of Choe [2]. 



§2 Preliminaries 

Let {Ei, ■ ■ ■ ,E n } is a local orthogonal frame on S n , let = Ei o u, where i = 
1, • • ■ , n, then {ei, • • • , e n } is a local orthogonal frame of X : M — ► R n+1 . 

The structure equation of 5™ is: 



d6*jj — 8ik A 6^ — — \ Y, k i RijkiOk /\0i — —9i A 9j 



where 6ij + 6 a = and 



Rijki — dikdjl - SuSjk- 
The structure equation of X is (see [7], [8]): 



dX = £\ 

di/ = - >A ; /',,-•/< , 
d< ; = V ; Wy-ej + V ; /',,-•//' 
duji = Yjj Uij A ujj 
_ dcjy - ^ u ik A w fcjl - = — \ ^2 kl Rijkfik A 6*/ 



(3) 



(4) 



(5) 



where ujij + ojji = 0, Rijki + Rijik = 0, and R^ki are the components of the Riemannian 
curvature tensor of M with respect to the induced metric dX ■ dX. 

From dej = d(Ei o u) = v*dEi = ^A v *^ij e j ~ v *QiV, we get 



Y.j hijUJj, 



(6) 



where u>ij + tUji = 0, h 



H3 — hji. 
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Let F: S n — > ]R + be a smooth function, we denote the coefficients of covariant 
differential of F, grad 5 n F, D 2 F with respect to {Ei }i=i,... , n by Fj, Fij,Fijk respectively. 
From Ricci identity and (4), we have 

Fijk Fikj = ^ ^ Rmijk = $ikFj — dijFfc, (7) 
m 

where F^ denote the coefficients of the covariant differential of Fij on S n . 
So, if we denote the coefficients of Ap by Ay, then we have from (7) 

A-ijk = Ajik = Aikj, (8) 

where A^ denotes coefficient of the covariant differential of Ap on S n . 

Let Sij = ^2 k (AikOv)hkj, Sp = — Ap odv, then we have Sp(ej) = J2i s %j e %- We call 
Sp to be F-Weingarten operator. From the positive definite of (A?) and the symmetry 
of (hij), we know the eigenvalues of (s^) are all real (in fact, because A = (Aij) 
is positive definite, there exists a non-singular matrix C such that A = C l C, we have 
S = (sij) = AB has the same eigenvalues with the real symmetric matrix CBC T , which 
follows from \XI - S\ = \XI - AB\ = \\I - C l CB\ = \XI - CBC% where B = (hij)). 
we call them anisotropic principal curvatures, and denote them by Ai, • • ■ , A n . 

We have n invariants, the elementary symmetric function o r of the anisotropic 
principal curvatures: 

°r= Yl X h---K (l<r<n). (9) 

i\<---i r 

For convenience, we set <7o = 1. The r-anisotropic mean curvature M r is defined by 

n' 

M r = a r /C:, C: = -^—y : (10) 
Using the characteristic polynomial of Sp, a r is defined by 

n 

det(t/ - S F ) = ^(-l)V r t n - r . (11) 

r=0 

So, we have 

ill - " jV 

where ^...^ is the usual generalized Kronecker symbol, i.e., ^."../j equals +1 (resp. 
-1) if ii • • • i r are distinct and (ji • • ■ j r ) is an even (resp. odd) permutation of (i\ - ■ ■ i r ) 
and in other cases it equals zero. 

We define (F o v) h (Fj ou)j, (A^ o v) k by 

d(Fov) = Y,(Foy\^i, (13) 
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d(F, o v) + Y^Fj "Hi = J2( F i ° v )jUj> ( 14 ) 
j j 

d(Aij ov) + ^(A fc j o u)uj ki + o v)uj kj = y^X A ij v )k^k- (15) 

k k 

By use of (3), (5) and (6), we have by a direct calculation 

(F o v)i = - J2j hijFj o v, 
< {F i ov) j = -Y.k h jk F ik°v, (16) 
_ (Aij ov) k = - J2i hkiAjl ° v. 

§3 Some Lemmas 

We introduce an important operator P r by 

P r = ar i- ar _ 1 S F + ... + (-iys r F , r = 0,l,---,n. (17) 

We have the following lemmas: 

Lemma 3.1. (S F A F f = S F A F , (dvoS F y = dvoS F , s ijk = s ikj , J2i h ilSlk = Ez h klSu, 
h k i(P r )ij = J2i hji(P r )iki where sij k are the components of the covariant derivarive 

Of Sij. 

Proof. Since S F = —A F o du, and A F , dv are symmetric operators, the first two 
identities are obvious. From the symmetry property (8) of Aij k , hij = hji and Codazzi 
equation hij k = hi k j, we have by use of (16) 

s^k = Cz Auhij) k = ^2i(An o v) k hij + Y^i Auhijk 

= -Hl, m (, A ilm ^)hljh km + J2l A il h ljk ( 18 ) 
= EmWra ° u )jhmk + Sz A ilhkj = {J2l A ilhlk)j = Sikj. 

husik = ^2 hiiAi m h mk = hkmA-mihi = ^ h k isu. 

I l,m l,m I 

By use of the above formula and the definition of P r , we get the last identity in 
Lemma 3.1. □ 

Lemma 3.2. The matrix of P r is given by: 

(Pr)ij = —\ ^ $il-irj S hjl ' " S irjr (19) 
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Proof. We prove Lemma 3.2 inductively. For r = 0, it is easy to check that (19) is true. 
We can check directly 



8 n '" 3q 

11— lq 



tg— 1 



<t 

C" 1 <t 



si*- 1 <# 



(20) 



Assume that (19) is true for r = k, we only need to show that it is also true for r = k+1. 
For r = k + 1, Using (12) and (20), we have 

1 



RHS of (19) 









■ik+d w ' 


■■si 


ii,- 


ifc+itf'ij- 


• :3k+l 










€ ■ 


• • <5f +1 










«2 


^ 2 



(fc + 1)! 



<5f <f 



5 3k+1 5 i 



' ' ' s ik+ijk+i 



- STi&xh"-3k+i _dk+irii"-iki _i \„ s . . 

= CTfc+l^j - ^ - j^j ^j k+1 ^h-ikik+i Sil ^ ' ' ' Si k+dk+i ^ 
= cr fe+ i(5y - XX-Pfc)ii fc+1 Si fe+1 j 
= (Pfc+i)ij. 

□ 

Lemma 3.3. For each r, we have 

«■ E^)™ = o, 

(m). tr(P r S , F ) = (r+ l)(T r+ i, 
(m). tr(P r ) = (n — r)o>. 

Proof, (i). Noting (j, j' r ) is skew symmetric in <5fj. and (j,j r ) is symmetric in 
(from Lemma 3.1), we have 

S^)^' = ( r _ i)l X] 

j U,--,V;j'l,- ,JrU 

(ii). Using (19) and (12), we have 

tr(P r S F ) = J2ij( P r)ijSji 

= 1 V 



xh-3rj . . _ n 



J il---i r i 



s ■ ■ 



= (r + l)<r r+ i. 
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(iii). Using (ii) and the definition of P r , we have 

tr(P r ) = ti(a r I) — tr(P r _iS*i?) = na r — ra r = (n — r)a r . 

□ 

Remark 3.1 When F = 1, Lemma 3.3 was a well-known result (for example, see 
Barbosa-Colares [1]). 

Lemma 3.4. If Ai = A2 = • • • = A ra = const 7^ 0, then up to translations and 
homotheties, X(M) is the Wulff shape. 

Proof. Choose a local orthogonal frame e±, • • • ,e n such that Ap is diagonalized: 

A F = diag(m, ■ ■ ■ ,/z n ), (21) 

where /Uj > for i = 1, • ■ ■ , n by the convexity condition. Then we have Sij = fiihij. 
From (10) and (12), we get 

= Ml - M 2 = (I Zi Vihu) 2 ~ Zi<j in/'jih,,!',,, - h%) 

= nHn-l) i( n ~ M«) 2 - 2n J2i<j I'.l'j^'iJljJ ~ h ij)} 

so, jUi/in = /U2/122 = • • • = fJ-nhnn and /ijj = when i 7^ j. Then, from [10] or [3], [14], 
up to translations and homotheties, X(M) is the Wulff shape. □ 

§4 Proofs of Theorem 1.1-Theorem 1.5 

Proof of Theorem 1.1 By use of (5), we have 

(X, u} l = -^2 hij{X, ej), (X, e 3 )i = + hij(X, v), (22) 
3 

so, from (16), Lemma 3.1 and (i), (ii), (iii) of Lemma 3.3, we have the following calcu- 
lation 

div{P r ((X, v) grad 5 „ F - Fgrad |A:| 2 /2)} 
= Z ij {(Pr)i j ((X,v)F j -F(X,e j ))} i 

= EijiPrhi- Ek hik((X, e k )Fj + (X, v )F jk - F k (X, e 3 )) - F5 i3 - Fh t3 (X, u)} 
= ~ J2i jk hki(P r )ij(X, e k )Fj + Y,i jk h ki (P r )ij(X, ej )F k 

-(X, V) Ei jk (Pr)ij(F jk + FS jk )h kt -F^iPrh 

= ~ E ijk hki(Pr)ij{X, e k )Fj + Y,i ]k hji(P r )ik{X, e k )F 3 

~{ X , v ) J2ij k (Pr)ij A jkh ki - FJ2i(Pr)ii 
= -(X,v)Y,i j (Pr)ijSji-FY l i(Pr)ii 

= - (X, v) tv(P r S F ) - F tr(P r ) 

= - (X, v) (r + l)ay+i - F(n - r)a r 

= -(n-r)C r n (FM r + M r+1 (X,v)). 
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Integrating the above formula over M, we get (2) by use of Stokes Theorem. 



Proof of Theorem 1.2: From (2), we have 

I (F + M 1 (X,u))dA x = 0, (23) 
Jm 

[ (FMi + M 2 (X, v))dA x = 0. (24) 

JM 

By the assumption Mi = constant, we get from (23) and (24) 

I (X,u)(Mf-M 2 )dA x = 0. (25) 

J M 

On the other hand, 

Ml -M 2 = - f? i-- J> - Xj) 2 > 0. (26) 

Thus, if (X, v) has fixed sign, then Mf - M 2 = 0, so 

Ai = A2 = • ■ ■ = A n . 

Thus, from Lemma 3.4, up to translations and homotheties, X(M) is the Wulff shape. 

Proof of Theorem 1.3: We have the fact that if M is compact and M r > then 

M r _! > M r (r " 1)/r , 2 < r < n (27) 

with equality holds if and only if Ai = A2 = • • • = A ra on M (cf. [9], [2]). Indeed 
(27) holds if M r = const, since M is compact, there exists a point po on M such that 
all principal curvatures are positive at po, so all anisotropic principal curvatures are 
positive at pq. Applying (27) inductively, one sees that if M r = const, then 

M r < Ml, (28) 

here again equality holds if and only if Ai = A2 = • ■ ■ = A n . 

(r— l)/r 

Integrating FM r < FM r _\ over M, using (2) and M r = constant, we get 

M (r-i)/r f pdA x < [ FMr-idAx = -M r [ (X,v)dA x . (29) 
Jm Jm Jm 

On the other hand, our assumption M\ = constant (thus M\ > 0) and (23) implies 

/ (X,u)dA x = ~ f FdA x . (30) 
Jm m i Jm 

Putting (30) into (29), we get 

M{ < M r . (31) 

Therefore equality holds in (28) and Ai = A2 = • • • = A„ on M. Thus, from Lemma 
3.4, up to translations and homotheties, X(M) is the Wulff shape. 
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Proof of Theorem 1.4: From (2), we have 



f (FM k + M k+1 (X,u))dA x = 0. (32) 

JM 

I (FM r + M r+1 (X,v))dA x =0. (33) 

JM 

From the assumptions -jg^ = constant, ^ x (32) — (33) implies 

f Mr 

/ (X,i/>(M r+ i--/M fc+ i)dA x = 0. (34) 

JM M k 

From the convexity of M, all the principal curvatures of M are positive, so all the 
anisotropic principal curvature are positive, we have M; > 0, < I < n on M. From 

M k ■ M k+2 < M| +1 , • • • , M r ^M r+1 < M r 2 , (35) 

where equality holds in one of (35) if and only if Ai = A2 = • • • = A n , we can check 

M k M r+l < M k+1 M r , 

that is 

M r+1 - ^M k+1 < 0. (36) 
M k 

On the other hand, we can choose the position of origin O such that {X, v) has fixed 
sign. Thus, from (34) and (36), M k M r+1 = M k+1 M r , so Ai = A 2 = • • • = A n . Thus, 
from Lemma 3.4, up to translations and homotheties, X(M) is the Wulff shape. 



Proof of Theorem 1.5: From proof of Theorem 1.3, we know that there exists a 
point po G M such that the anisotropic principal curvature Aj(po) > 0, 1 < i < n. From 
H- = constant, we have ^ = jfa(po) > 0. Thus M n ^ on M, by the continuity 
of Aj, we have Aj > 0, 1 < i < n, on M. Therefore all principal curvatures of M are 
positive on M and M is convex. Theorem 1.5 follows from Theorem 1.4. 
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